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Graficele functiilor trigonometrice

Tn trasarea graficelor functiiolr trigonometrice se urmaresc mai multe etape:

a) gasirea domeniul maxim de definitie a functiei

b) gasirea intersectiei graficului cu axa Ox (f(x)=0)

C) gasirea intersectiei graficului cu axa Oy (se calculeaza f(0) )
d) se calculeaza |jm f(x)

X—>*to0
[l

a) se studiaza paritatea sau imparitatea functiei

b) se studiaza periodicitatea functiei

c) se studiaza continuitatea functiei

d) se studiaza semnul functiei pe domeniul de definitie

11

a) se cauta asimptota orizontala

b) se cauta asimptota oblica

C) se cauta asimptota verticala in punctele de acumulare unde functia nu este definita

IV

a) se calculeaza derivata |
b) se gasesc radacinile derivatei | si valoarea functiei Tn aceste radacini
c) se gaseste semnul derivatei |

V

a) se calculeaza derivata Il
b) se gasesc radacinile derivatei Il si valoarea functiei Tn aceste radacini
c) se gaseste semnul derivatei Il

\

a) se construieste tabelul de variatie a functiilor

Vi

a) se traseaza graficul functiei

Sa se reprezinte grafic functiile:




1) f(x) = sinx (1+ cos x)

1

fi(x)=sinx fi(x+2km)=f,(X)=T=2knt =T, =27
f,(xX)=1+cosx f,(x+2km)=f,(X)=T=2kt =T, =27
= putem considera restrictia %O,ZTC] —>R

f(x) =0 = sinx (1+cosx)=0

sinx=0 1+cosx=0
X154 =0,T,2TC COSX=-1=X,=T
2

f(—x) = sin(-x) (1+ cos(—x)) = —sinx (1+ cos x) = —f(x)

= f(x) = functie impara = graficul simetric fata de origine

f(x + 2kT) = f(X) = f periodica de T, = 27

functia e continua pe domeniul de definitie ca produs de functii elementare

3

- asimptote orizontale
lim f(x) =sinx(1+cos x) = (|im sin xX)(1+ |jm cosX) = —

X—>to0 X—>too X—>to0

= (#) asimptote orizontale
- asimptote oblice

y=mx+n
. f(x . Sinx

m=|im 109 _ lim ——(@+cosx)=—
X —> +00 x—to X

= (#) asimptote oblice

— asimptote verticale - ((3) pct. de acumulare unde functia nu este definita)
4

f1(x) = (sinx(1+ cosx))' = cosx(1+ cosx) - sin®x = cox + cos’X - sin’x =

— COS X + COS?X - 1+ Cc0S?X = 2c0S%X +Ccos X -1



f1(x)=0
= 2c0s’X+cosx—-1=0 cosx=t tel[-1,1]
2t* +t-1=0
A=1+8=9
-1+3

1
t,=— >t =-1 t,==
1,2 4 1 2 2

= (cos x +1)(cos x -%) =0

1

cosx=-1 cosx:E

T 5T .M. 343 33
X, =1 f(m)=0 Xqp =y f___ il I

1 ( ) 1,2 3’ 3 (3) ( ) 4

X U3 T 57T/3
cosx+1 + + + + 0 + + + + +
cosx+.~7 + + 0 - - - - - - - 0+ + +
() + + 0---- 0 -- -- 0+ + +
5

f2(x) = (2cos? X + cos x —1)' = -4 cos X Sin X — sin X = —sin X(4 cos X + 1)
f2(x)=0

sinx=0 cosx:—l
4
X123 =0, 02T X4 =T —arccosi , f(Tt—arccos E) = —3\/E
| 4 4" 16
Xg = TC"‘arCCOSE ;f(TC-I—arccosi) = -3V15
4 4 16

X 0 TT- arccosi2 T mt+ arccosg 27




-sin X 0---- - - - -0+ + + + + 0
4cosx+1 + + + 0- - - - - - -0+ + + + +
() 0-- - -0++ + +0----0+++ + + 0
VI

X 0 /3 - arccosE n  m+arccosE  5T/3 2T
f(x) + + +0- - - - - --0- - - - - -0+ + +
f’k 0- - - - -0 + +0---0+++ + ++0
)

f(x)




i) f(X) = cos2x + 2cosx +1

1

fi(x)=cos2x f(x+2km)=f(x) =T=2kw =T, =27
f,(x) =cosx f(x+2km)=f(x) =T=2km =T, =27
= putem considerarestrictia%O’ZH] —->R

f(x)=0 = cos2x+2cosx+1=0
2c0s®x —1+2cosx+1=0
2(cos® X +cosx) =0 ‘ : 2

cosx(cosx+1) =0
cosx =0 X, =

cosx=-1 X5 =
2

f(—x) = cos(—2x) + cos(—x) + 1= cos2x + 2cosx + 1 = f(x)

= f(x) functie para = grafic simetric fata de Oy

f(x + 2km) = f(X) = f periodicade perioadaprincipala2m

functia e continuape domeniul de definitie ca produs de functiicontinue

3

asimptote orizontale :
limcos2x + cosx+1= |jmCcos2X + 2 |jmcosxX +1=—

X—>*to0 X—>to0 X—>to0

= nu existaasimptote orizontale
asimptote oblice :

y =mx +n
. COS2X ] COSX

m=|im +2]im +0=—
X—>to0 X—>00

= nu existaasimptote oblice

asimptote verticale:

nu exista pcte de acumulare unde functianu e definita
— nu exista asimptote orizontale



4

f1(X) = (cos 2X + 2cos X +1)'= —2sin2x — 2SiN X = -4 SiNXCOS X — 2SiN X =
=-2sinx(2cos x +1)
fi(x)=0 = sinx=0 X, =0;X, = ;X5 =270

f(0) = 4;f() =0;f(2m) =4

1 2T 4TT
= COSX=-= X;=— ; X,=—v0
2 3 3

2T 1 47 1

f—:-—;f_:__

(3) 2 (3) 2
X 0 2T/3 T 41113 27
-2sinx 0- - - - -0+ + + + + +
2cosx+1  + + +0- - - - 0+ + ¥ + +
() 0- - --0+++0-- -0+ + + + + ++
5

f2(x) = (—2sin2x — 2sinX)'= =4 €0S 2X — 2C0S X = —8C0S? X + 4 — 2COS X
= —2(4c0s? X +COS X — 2)

f2(x)=0
4cos’x+cosx—2=0
A=1+32=33
cosxlz_1+ 33 _N33-1, X, = arccos “33_1z0.93;x1e(ﬁ,£)
8 8 8 4 3
X, = 2Tt —arccos 33 -1 5.34;x, € (5_7c’7_7c)
8 3 4
COS X, _Z1-v33 _ 33+l X5 = T0 — arccos '33+1z2.57;x3 e(s—n,s—n)
8 8 8 7 6
X, = T+ arccos ‘33+1z3.70;x4e(9—n,8—n)
8 7 7
6
X 0 X1 270/3 X3 T X4 4T3 X2 2T
ffx) 0-- - - - --0++ + +0------ 0O + + + + +0
(X)) ---- -0+ + + + +0-- - --0++ + + + +0- - - -

f(x) 4 1.88 -05 -026 0 -0.26 -0.5 1.88 4




iii) f(X) = sinx cos® x

f(x)=cos®*x f(x+2km)=F(x) =T=2km =T,=2T
f,(xX)=sinx f,(x+2km)="f,(x) =T=2knm =T,=27
= putem considera restrictia %027[] —->R

f(x)=0 = sinxcos®x=0

sinx=0 =>x;,=0 X,=T X5 =2TC
o, 3"
2 5

cos’x=0 = x,= 5

2

f(—x) = sin(—x) cos*(-x) = —sinx cos® x = —f(x)

= f(x) functie impara = grafic simetric fata de origine

f(x + 2km) = f(x) = f periodica de perioada principala 27

functia e continua pe domeniul de definitie ca produs de functii continue

3

asimptote orizontale :

lim sinxcos® x = |[jm sinx |im cos® x = —

X —>to0 X—> 1o X—>too

= nu exista asimptote orizontale
asimptote oblice :
y=mx-+n

. sinx . 3
m=|im—lim cos” x=—

X—>too X—>too

= nu exista asimptote oblice

asimptote verticale :

nu exista pcte de acumulare unde functia nu e definita

= nu exista asimptote orizontale

4

f1(x) = (sinx cos® x)'= cos* x — 3sin x cos? sinx = cos? x(cos? x — 3 sin® x)
fi(x)=0



coszx:O:xlzg f(x,) = 0; X, :3”77c f(x,) =0

cos2x —3sin? x = 0 = cos?x = 3sin? x ‘ - 3c0s2X

1 V3
=Stg°x== =>tgx=+-—
J 3 J 3
x3:arctg£:E f(E):—‘ 27
3 6 6 16
x4:7t+arctg£:7—7T f(ﬂ):@
3 6 6 16
X5 ﬂt—arctgﬁzs—7T f(5—n):——‘ 21
3 6 6 16
X, = 27— arcig V3 _1Im Ly _ V27
6 6 16
X 0 T2 571/6 7T/6 37/2 1171/6 21
COS2X-3sin2x ++ ++0- - - 04 + 0 - - -- - -0+ + + ++
C0S?X + + + 0+ ++ +++ + +0+ + + + + +
f(x) o+ + 0----0+++40- - -0- --0++ + ++

5

f2(x) = [cos? x(cos? x —3sin® x)]'=

— 2c0s x sinx(cos? x — 3sin? X) + cos? x(—2cos x sin X — 6 sin X cos x) =
—2cos® xsinx + 6sin® xcos x — 2cos® xsinx — 6 sinx cos® x

=-10cos® xsinx + 6 sin® x cos x = —sin x cos x(10 cos? x — 6 sin? x)

f2(x)=0= —siNXCOSX =0=>X;,3,5 :O%,n,?’?ﬂ,Zn

100082X—65il’\2X=0:>lOCOSZX=68in2X‘ZGCOSZX
5 5
—=tg°x="=t x:i\/::
g 3 g 3
5
:>x6:arctg\/g f(xg) = 0.18

X, =T— arcth f(x,)=-0.18



Xg =T+ arcthg f(xg) = 0.18

Xg =21 — arcth f(xg) = -0.18

X 0 U2 T 3712 21
sinx O+ + + + + +++0-- - - - - - - -0
COSX + + + +0 - - - - - - -0+ + + +
-sinxcosx 0 - - - -0+ + +0- - --0+ + + 0
X 0 091 W2 222 T 4.05 3M2 537 2T
-SINXCOSX 0O---0+ + +0- ---0+ 4+ + 0
10cos?-sin2x + + 0-- - -0+ + ++ 0- - - - - 0+ + +
(X) 0--0++0-0+ + 0--0+ ++0--0++ 0
6

X 0 76 091 T2 222 516 T TW6 405 3mW2 537 1176 2T
fx) 0+0 - --0--- -0+ + +0----0----0+ +
(X)) 0---0++0--0++++0-----0++0--0++++0

f(X) 0 032 018 0 -0.18 -032 O 0.32 0.18 0 -018 -032 O

Se obseva ca graficul functiei pe intervalul [0, 7t] este identic cu cel pe intervalul
(7t,27t], n consecinta vom reprezenta functia doar pe intervalul [0, Tt].



1-cos?x

iv) f(x) = — :
(sinx + cos x)(sin X — cos X)
1
) = — 1-cos.2x _ sinzx. _ sin’x
(sinx +cosx)(sinx —cosx) cos?x—sin>x C€OS 2xX

:>c052x;v&0:>2x;tz+k7t:2:>x¢£+k—7T

2 4 2
sin?(x +km) _ (-sinx)® _ sin®x )
cos(2x +2KT)  cos(2x) oS 2X
=>T=kT=T,=T

f(x + KkTT) =

T 3T

= putem considera f : [0, 7T] \ {Z’T} —>R
2
sin?(-x)  sin®x . L
f(-x) = = = f(x) = functie para = graf. simetric fata de Oy

cos(—2x) ~ COoS 2X
f(x + k) = f(X) = functie periodica de T =k (T, =)
functia e continua pe domeniul de definitie ca raport de functii continue

3

asimptote orizontale : -

i sin®x

Im ==

x -+ COS 2X
asimptote oblice : -

y=mx+n

m= i sin’x 1 i sin®x i 1
= 11m ' = 11m “1lm =
x>t X COS2X  yx i X x—1w COS2X

asimptote verticale :

1

= 400

s =1limf(x) =

T
X——
4

2
0.

T
X<—
4



= —00

‘O‘I\J\H

ly =limf(x) =

T . :
= X= Z asimptota verticala

4
Flis) 2 Sin X COS X COS 2X + 2 Sin 2X sin” X _ sin2x(cos 2x + 2sin” x) B
(x) = > = . -
COS” 2X COS” 2X
sin2x(cos® x —sin® x +2sin®x) _ sin2x(cos® x +sin®x) _ sin2x
cos? 2x cos? 2x cos? 2x
T

fi(x)=0= X153 =0,

TT T, 1 ] T 3T 1
:thE(O,E)\{Z},f (x)>0 ,pth(E,n)\{T},f (x)<0
)

sin2x _ 2cos® 2x +4cos2xsin®2x _ 2c0s® 2X + 4sin® 2x

f2(x) = =
(9 cos? 2x cos? 2x cos® 2x
2c0s” 2X +2sin® 2x +2sin® 2x _ 1+ 2sin® 2x
cos® 2x cos® 2x

£2(x) > 0pt X e (o,%)u(%“,n)

X T T, T 31

f (X)<Oth€(Z,E)U(E,T)

6

X 0 U4 /2 3m/4 T
fiix) 0+ + +1 + + + +0-- - - -1 -- - - - -0
(X)) 0+ + + +1- - - - -« - - - - - - - | + + + + + +
f(x) 0 = 1 G 0




COS X
COS 2X
fi(x)=cosx fi(x+2km)=f(X) =T=2km =T,=2T
f,(x)=cos2x f,(x+2km)=f,(x) =T=2km =T, =21

V) f(x) =

c032x¢0:>2x¢g+kn :2:>x;«tg+k—7c

2
= putem considera f : [0,27T] \ {E + k?n} —->R
_3n

2

NS N

fx) =0=cosx=0 = X, =
2
f(—x) =

X,

cos(—x) _ Ccosx _ £(x)
cos(—2x) cos2Xx
= f(x) functie para = grafic simetric fata de Oy

f(x + 2km) = f(x) = f periodica de perioada principala 27

functia e continua pe domeniul de definitie ca raport de functii continue

3

asimptote orizontale :
. COSX
XILrQO cos2x
= nu exista asimptote orizontale
asimptote oblice:
y=mx-+n
m= lim <X fim =
xostoo X x_sto0 COS 2X
= nu exista asimptote oblice

asimptote verticale :

V2 V2
limf(x) = OL =+ ; |imf(x)= OL = -0 = g = asimptota verticala

X—>— X—>—
4 4

T T
X<— X>—
4 4



2 V2
lim f(x) = 2 i » lim f(x) = SRS SEN L asimptota verticala
x>t 0 x>t 0+
x< 3" x>3"
N2 2
lim f(x) = 2 - ; lim f(X) = —%- = +0 = — = asimptota verticala
x—>77E 0+ x—>77E
5n 3n
X<— X>—
V2 V2
lim f(x) = 2 - lim f(x) = 2 o= m_ asimptota verticala
n 0_ 3 0+ 4
X—>7 x—>7
n 3n
X<— x>
4 4
4
F1(x) = ( COS X = —SINXCOS 2X +2C0S XSiN2X
COS 2X cos? 2x
—sinx(2cos? x — 1)+4cos X sinx smx(l 2c0s? X + 4 cos? x)
cos? 2x cos? 2x
(1 sin x(1+ 2 cos? x)
(x)= >
COS” 2X
fi(x)=0 1+2cos’x>0=sinx=0= X;,; =0,M,2T
1+2c0os? x>0
= X €0, n]\{E+k—n} f1(x) > 0; Xe(7’C27’C]\{—+—} f1(x) <0
2
cos” x>0
5
sinx(1+2cos? x)
f2(x) = =
b= cos® 2x
[cos x(2 cos? X +1) — 2 sinx(cos x sinX)] cos? 2x + 2sin x(2 cos? X +1) sin 2X oS 2X

cos? 2x
_ [2cos® x + cos x — 2sin” x cos x] cos® 2x + 2sinx(2cos® X + 1) sin2x cos 2x
cos* 2x




_ cos X(2¢os® x +1-2sin® x)cos 2x +2sinx(2cos” X +1)sin2x
cos* 2x
_ COS X(2+cos 2x)cos 2X + 2sin X(2 cos? x +1)sin 2x B

cos* 2x
_ COS X(2 +cos 2x)cos 2X + 4 sinX(Cos 2X + 2)SiNXCOS X

cos* 2x
oS X(2 + €0s 2X)(CoS 2X + 4sin° X)
cos” 2x

f2(x)=0;
2+cosx>0 (V)eD

cos 2x + 4sin® x = cos® X +3sin*x >0 (V)x eD

T 37T
= CosX=0= X, =—,——

2 2
X 0 T4 /2 37U/4 5T/4 37T/2 7TU/4 27T
COSX + + ++0-- - - - - - - -0+ + + + + +
C0S32X ++0-------0+++0-- -------0+++
r + ++] ----0 ++ +]-- - --1++ + +0- - - - -1+ + +
§)
X 0 T4 /2 37U/4 T 5TU/4 37T/2 7T/4 27T
f(X) O+ +1+ + + +++1++0---1----=----1----0
fz(x) + ++ ] ----0+++1-- - --- -1 ++ ++0- - ---1++ +
fx) 1 "l 0 el I R 0 Bl




0 -

cosxz1l=f:R\Jzkn >R
kez

fi(x)=cos2x fi(x+2km)=f(X) =T=2km =T,=21
f,(x)=cosx f(x+2km)=f(x) =T=2kn =T,=27

f(x)=0 =sinx=1= x, =g+k7c

2

f(—x) = L+sinx functie oarecare

1-cos X
f(x + 2km) = f(x) = f periodica de perioada principala 2w = f:(0,21) > R
functia e continua pe domeniul de definitie ca produs de functii continue

3

asimptote orizontale :
1+sinx
x“ﬂ!o 1-cosx
= nu exista asimptote orizontale

asimptote oblice :

y=mx+n

m= | 1-sinXx o 1
=1m m.————=—
X—> o0 X x—>+0 L — COS X

= nu exista asimptote oblice
asimptote verticale :

lim 1-sinXx i:+oo - lim 1-sinx i:%o
x»>0l—cosx O, "woanl—cosx 0,
x>0 X<2m
= x =0 six = 27t asimptote verticale
4
() = 5O X(1-cosx) +sinx(1-sinx) _ cosx - cos? X + sinx —sin® x _
(1-cos x)? (1-cos x)?
2 2

_1-(sinx+cosx) _ 1= \/_(COSXZJFSW‘X) 1- \/_(cosx—f)

(1-cos x)? (1-cos x)? (1-cos x)?




4 2 4 4 2
X-g=27t-—:>x:27'c

x:27'c§£D:>x:g

6

X 0 T4 T2 3m/4 T 5Tt/4 31/2 T4 27T
fl(x) - - - - -0+ + + + + 4+ 4+ 4+ 4+ 4+ 4+ 4+ 4+ 4+ + 4+ ++
fX) 1., 1 0 017 % 1 2 582 Ll
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